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Setting

General machine learning problem
o Dataset S = {(x;,yi) € X x Y},

@ Learn a functional relation f : X — Y

minfec L(f,S) + )\Q(f)

fitting error regularization term

@ C C H: space of functions

Common issues
@ Choice of the loss function L
@ Specification of the regularization term Q

e Optimization algorithm

v
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Introduction

Why non-convex problems

Non-convex loss function L )

@ Weakly supervised learning
e Semi-supervised learning

e PU classification and variants Class +1 00 | S xg {@ow=-1}
& °,0|o ‘o  xg Class-1
000 0 uxxnn

%" :\on OX xq
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@ Probability constraint
e Imbalanced classification

e Neyman-Pearson constraint

i Neyman-Pearson constraint
i FPR<p
0z 0406 08 1

FPR
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Why non-convex problems

Sparsity constraint on f — non-convex regularization Q

@ High dimensional problems '
e Signal denoising

o Compressive sensing
e Bioinformatics ...

@ Structure inference

o Matrix/Tensor decomposition
(low rank structure)

i o M,
:m[ Z \
D, X = Factor
3rd-order data tensor
o Graphical model inference
(sparse graph structure)

matrices
v
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oy
Sparsity

Sparse Learning problem

o Desired model f depends on parameter vector w € RY

@ Simple sparse learning problem

min, L(w) + A w|lo

Counting norm

@ Count: Q(w) = Zj’zl Tw; 0

@ Number of non-zeros components of w
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Usual relaxations of counting norm

@ Convex £1-norm: Q(w) = 37, |w;|

J

@ Bridge [Frank and Friedman, 1993]: Q(w) = 3¢, |w;|?, p € (0,1)

J

© Log [Candes et al., 2008]: Q(w) = Z}Ll log(|w;|P + €) ,
Q Capped ¢; [Zhang, 2008]: Q(w) = 37, min (1, |wj|)

]
@ SCAD [Fan and Li, 2001]
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Usual relaxations of counting norm

20
\
\
NN
\ \\
_ \
g LN /
C} '\ \\ 'I'
21\ T/
N Y /
@ \\\\ \ | [/ Count
o NN\ |/ —--L1
N7 Bridge
N - -Capped
‘\‘-l'l/ ---=Log
0 \\‘g'l . |~=--Scad
-1 0 1

Parameter w

Issues
@ Non-convex relaxations promote better sparsity. . .

@ but their optimization is more challenging
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Optimization approaches

Coordinate wise optimization [Mazumder et al., 2011, Breheny and Huang,
2011]

@ Active set methods [Jiao et al., 2013]

@ Regularization path (SCAD and MCP) [Breheny and Huang, 2011]
e DC algorithm

°

Proximal methods
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Elements of DC programming

Difference of convex approach

o = = = = 9ac
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S NSRS IONCTE AT [l)-88 DC function and properties

Recall general problem

Learning problem

min J(w) with J(w) = L(w) + AQ(w)

weRd

Difference of Convex (DC) Approach
@ Dates to early 90's [Tao et al., 1988, Tao and Le Thi Hoai, 1994]
e Many further improvements (theory and algorithm) and applications
@ Requires J(w) to be a Difference of Convex functions
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S NSRS IONCTE AT [l)-88 DC function and properties

Difference of Convex functions

DC function
o Let Ji(w), ho(w) : C —] — 00, +00] two convex, proper and lower

semi-continuous functions
e J(w) is a DC function if it can be expressed as J(w) = Ji(w) — Jo(w).

0.8¢,
J(w) = J1 (w)—J2(w) /

K W)

* J. (W)

i —_

Penalty

0
Parameter w
9 /28
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S NSRS IONCTE AT [l)-88 DC function and properties

Properties of DC functions

Convex majorization

o Let 0r(wt)

@ A convex majorization function of J(w) = J;(w) —

J(w) < h(w)

{at e RY, h(w) > h(ws) + (W — we, o), Yw € Rd}

the subdifferential of J at wy.

— (W) — (W — wi, o)

J(w) at wy is

Penalty

0
Paramotor Parameter w
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DC Algorithm

Principle: successive convex relaxations

@ At each iteration t, define the convex majorization function
Jex(W) = J1(w) — Jo(we) — (W — wy, ) with  a; € Oa(wy)

@ Next solution: w1 = argminy, Joyx (W)

Algorithm for solving miny, J1(w) — Ja(w)
Set t = 0, initialize w; € domJ;
repeat
Select ay € 0Jo(wy)
Define Joyx(w) and solve wei1 = argmin,, Jeyx (W)
t=t+1
until convergence
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S NSRS DTG TIE ) [nl)-88 DC and non-convex sparsity recovery

DC algorithm in play: sparse signal recovery

Optimization problem

d
1 )
min Sy — ®wll3+2>_Q(|w)

j=1

@ y € RV: noisy measurements, ® € RV*9: given dictionary

@ w € R? : sparse parameter vector

Non-convex penalties
@ Bridge: Q(w;) = |w;|?, p € (0,1)
Q@ Log: Q(w;) = log(|w;|P + €),
© Capped /1: Q(wj) = min (7, |w;|)
Q SCAD

v
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S NSRS DTG TIE ) [nl)-88 DC and non-convex sparsity recovery

DC decomposition

DC Decomposition of the penalty

o Q(lwj]) = (lwi]) — Q(|w;l)

o U (|w;]) = [wj| and Qa(wj|) = |wj| — Q(|w;])

Example
For capped /1 penalty we have

o Q(|w;]) = min (n, |w;|)
o i(lwj) = |wl
o Q(|wj|) = max(0, |w;| — n)

G. GASSO (LITIS, EA 4108)
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Elements of DC programming

DC decomposition

DC Decomposition of the penalty
o Q(lwj]) = [wj| — Qa(|wj)

o Do(wj|) = [wj| — Q(|w;])

DC decomposition of the objective function

e Using additivity property of DC
o Ji(w) = 3lly — ®w[3+ A7, |wj| and a(w) = A3, Qo(|wl)

Convex majorization at w = w;

e Majorization of —Jx(w)
AL Qalwgl) < ~ATL, af|w| + const with af € 9 (lwy)

e Majorization of the objective function: J;(w) — A Zj’zl o [w;| + const
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lterative re-weighted lasso

Iterative re-weigthed Lasso algorithm

Set t = 0, initialize wy
repeat

Select af € 90(|wj|) for w = w,

. . d
Find wyi1 = argminy, 3[ly — ®wlj3 + Y7, (A — af)|wj]

t=t+1
until convergence

o Each iteration is a Lasso type problem

@ Require any off-the-shelf Lasso solver
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Empirical evaluation: convergence

@ Typically few iterations for convergence in objective function

Scad penalty

2 4 6 8 10 12 14 16
DC iterations
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S NSRS DTG TIE ) [nl)-88 DC and non-convex sparsity recovery

Performance measure

|supp(w*) N supp(W)|
|supp(w*)| + [supp(W)]

Fmeasure = 2

e supp(w) = {j,w; # 0}
@ w*: true vector and W: estimated one

@ Fmeasure close to 1 indicates a performing support recovery

@ Comparison of Lasso with non-convex penalties
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S NSRS DTG TIE ) [nl)-88 DC and non-convex sparsity recovery

Performance
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Dotted lines: highly correlated atoms, Solid lines: weak dependence of atoms
Non-convex penalties are effective than Lasso, especially log penalty
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S NSRS DTG TIE ) [nl)-88 DC and non-convex sparsity recovery

Computation time

e DC algorithm appears rather slow
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DC Proximal Newton

DC proximal Newton

= = = E DA
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DC Proximal Newton

Proximal approach

General problem

muiln J(w) := L(w) + Q(w)

Assumptions
o L(w) is either convex or is a DC function L(w) = Li(w) — La(w),
lower bounded and twice differentiable
e We require L1(w) to be gradient Lipschitz

o Q(w) = Q1(w) — Q2(w) is a DC function with Q4 (w) lower
semi-continuous, proper convex function

e Q(w) may not be smooth
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DC Proximal Newton

Proximal approach

General problem

mmiln J(w) = L(w) + Q(w)

Solving algorithms
o Apply DC procedure to Ly(w) + Q1(w) — (La(w) + Q2(w))

Might be slow if the convex relaxation problem is not easy to handle

@ Apply proximal method

o Generate sequence {w; 1 = argmin,,J(w,w;)}

o J(w,w;) = L(w,w;) + Q(w,w;): convex quadratic majorization of
J(w) at w;

o Exploit Lipschitz gradient property and DC convex linearization
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IDION 7SS EINNEWI LI Convex majorization

Quadratic convex majorization

miny L(w) 4+ Q(w)

Quadratic approximation of L
o L(w) = Li(w) — Ly(w) twice differentiable and L; gradient Lipschitz

o Letw=w; + Aw

1
Lw,we) = Li(we)+ VLig(we) Aw + 5AwTHtAW
—Lo(wy) — Via(wy) " Aw

@ H; = 0: approximation of the Hessian of L;

Linear approximation of Q(w) = Q3(w) — Q2(w)

-
Qw,we) = Q(w)—Qa(we) — oy Aw, o € 0Qs(wy)
September 25, 2017 21 / 28




el
Quadratic convex majorization

Quadratic approximation of L
o Letw=w; +Aw

1
L(w,wy) = Li(we)+ Vig(we) Aw + EAWTHtAw
—Ly(we) — Vip(wy) " Aw

@ H; > 0: approximation of the Hessian of L;

Linear approximation of Q(w) = Q3(w) — Q2(w)

Q(w,wt) = Qi(w)—Qo(wy) — atTAw, oy € 0Q(wy)

Quadratic approximation of the objective function
~ 1
J(Aw) = 5AwTHtAw + v Aw + Q;(w; + Aw) + const

with vy = VLi(w;)—VQi(we) — o
September 25, 2017
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D ION STOG L EIRNEW I DC proximal Newton Algorithm

Optimization scheme

General scheme

o At each iteration wyy1 = wy + 7 Aw; (7 is the step-size)

o Search direction: Aw = argminp,, J(Aw)

1
minaw EAWTHtAw—i—vtTAW—{-Ql(wt—FAW)
1
< min, E(z—wt)THt(z—wt)—l-vtT(z—wt)—i-Ql(z),z:wt—i—Aw

1
& min, §||(z—wt)+H;lth%,t—{—Ql(z) with [|z||3 = z"Hz

Definition: Proximal Newton Search direction

.1 _
proxg1 (w) = argmlnz§||z—w|||24+§21(z) Aw = proxg;(wt —H;v,) — w;
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R ot ey
Algorithm

Non-convex second-order (Newton) Proximal algorithm

Set t = 0, initialize w;
repeat
Compute v¢ = VLi(w¢) — VL0(we) — o with oy € 0Qa(wy)
Compute the Hessian H;
Solve for Aw; = proxg;(wt — Ht_lvt) — Wy
Compute the step-size ~; by backtracking
W1 = We + YeAw,
Increase t

until convergence
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D ION STOG L EIRNEW I DC proximal Newton Algorithm

Elements of convergence

Convergence guarantees
e Sufficient decrease of the objective function: for H; > 0 it holds

J(Wt+1) — J(Wt) S —’}/tAW;rHtAWt + O(’}’?)

e Existence of a step-size: for H; = ml and ( the Lipschitz constant of
VL, the decrease holds for
. 1-60
vt < min 1,2mT , 0€(0,1/2)
e Convergence to a stationary point: if the previous conditions hold at
each iteration t, any limit point of the sequence {w;} is a stationary
point of the optimization problem
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DC proximal Newton Algorithm
Related method

General lterative Shrinkage and Thresholding Algorithm (GIST) [Gong et al.,
2013]

@ First order proximal method

@ Based on a non-convex majorization function

F _ T YA T

F(w,w;) = L(wt) + VL(we) ' Aw + EAW Aw + Q(w)
® Wiy1 = proxq (wy — VL(w¢)/7¢) where

@ proxq (w) = argmin, ||z — wl|2 + Q(z) is a non-convex proximal

@ Closed-form proximal solution exists for previously presented
non-convex penalties
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Applications

Classification problem
@ Dataset: {(xi,y;) € R? x {~1,1}}¥,;
@ Loss function: L(w) = 3"V log(1 + exp(—yix; w)) (convex function)

@ Regularizer: Q(w) = 27:1 min (7, |wj|) (non-convex penalty)

Class. Rate (%) Time (s)
dataset d DCA GIST DC-PN DCA GIST DC-PN
la2 31472 | 91.324+0.9 91.67+0.9 91.814+0.9 36+11 45+26 21412

sports 14870 | 97.86+£0.4 97.94+0.3  97.94£0.3 89£70 161+162  23+13
classic 41681 | 96.93+0.6 97.33+0.5  97.38+£0.5 3.5+3.8 310+11 17+7
ohscal 11465 | 87.05+0.6 87.99+0.6  89.27+0.6 | 320+134 44+21 19+25
real-sim 20958 | 95.16+0.3 96.284+0.2 96.05+0.2 63+96 3824813 2349

Proximal methods exploiting DC decomposition are faster than raw DC approach.
Proximal Newton is faster than the gradient counterpart.
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DC Proximal Newton SYEIIEL(T

Applications

Semi-supervised classification problem
Labeled set: {(x;,y;) € R x {—1,1}}¥,, Unabeled set: {z, € R?}}";
Loss function labeled set: 3"V log(1 + exp(—yix; w)) (convex)

@ Loss function unlabeled set: Z,IL T(z;' w) (non-convex)

@ Regularizer: Q(w) = 27:1 min (7, |wj|) (non-convex penalty)

DC decomposition of T(-)
@) =T @) - T2 e T

o
n
(4]
e
RS
o

1,0 -T2

Loss T(z)
o
@
W
.'/ ’
hN
.,
.
w

-5 0 5 J5 0 5 15 0 5
z
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DC Proximal Newton SYEIIEL(T

Applications

Semi-supervised classification problem

Labeled set: {(x;,y:) € RY x {=1,1}}¥,, Unabeled set: {z, € R?}}\,
Loss function labeled set: 3"V log(1 + exp(—yix; w)) (convex)

Loss function unlabeled set: E,Ail T(z' w) (non-convex)

Regularizer: Q(w) = 27:1 min (7, |w;|) (non-convex penalty)

Classification Rate (%)

dataset d N M Sparse Log Sparse Transd.
la2 31472 61 2398 67.65+2.6 70.23+3.1
sports 14870 85 6778 81.26+5.0 88.15+4.4
classic 41681 70 5604 72.74+4.3 86.97+2.2
ohscal 11465 55 8873 70.35+2.4 73.39+3.6
real-sim 20958 723 57124 88.81+0.3 88.91+1.4
url 3.23x10° 1000 40000 86.64+5.8 87.39+6.0

DC Proximal Newton can handle large scale and high-dimension data
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Conclusion

Conclusion

@ Non-convex problems: useful for certain machine learning applications

DC proximal Newton able to handle efficiently large dimensional
problems

@ However computation of the gradient and Hessian remains costly —
use stochastic versions?

@ Lack of theoretical analysis of local optimal solution
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